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Phasonic degrees of freedom are unique to quasiperiodic structures, and play a central role in
poorly-understood properties of quasicrystals from excitation spectra to wavefunction statistics to
electronic transport. However, phasons are challenging to access dynamically in the solid state due
to their complex long-range character and the effects of disorder and strain. We report phasonic
spectroscopy of a quantum gas in a one-dimensional quasicrystalline optical lattice. We observe that
strong phasonic driving produces a nonperturbative high-harmonic plateau strikingly different from
the effects of standard dipolar driving. Tuning the potential from crystalline to quasicrystalline, we
identify spectroscopic signatures of quasiperiodicity and interactions and map the emergence of a
multifractal energy spectrum, opening a path to direct imaging of the Hofstadter butterfly.
Phasons are degrees of freedom unique to quasicrys-
tals [1–5]. The role of phasons in determining quasicrys-
tal properties remains incompletely understood: open
questions include the effects of electron-phason coupling,
the nature of electronic transport, spectral statistics,
topological properties, and even the shape of the elec-
tronic wavefunctions [6–15]. These lacunae are in part
due to the theoretical intractability of quasiperiodic mat-
ter, and in part due to the experimental difficulty of
disentangling the effects of domain walls, crystalline im-
purities, and disorder from those due to phason modes,
which arise from broken translation symmetry in the in
the higher-dimensional space from which the quasiperi-
odic lattice is projected. The exquisite controllability of
ultracold atoms in optical lattices makes them well-suited
to the study of quasicrystal phenomena from structure
to transport to self-similarity [16–25]. Beyond the funda-
mental interest of such questions, they may point the way
to technological applications of quasicrystals’ anomalous
electrical and thermal transport characteristics.
Here we report the realization of phasonic spectroscopy
on a one-dimensional quasicrystal, using a quantum gas
in a tunable bichromatic optical lattice. In addition to
standard dipolar modulation, the experiment enables dy-
namic driving of a phasonic degree of freedom [26, 27]
via modulation of the relative spatial phase between the
two sublattices. We observe that the quasicrystal re-
sponds very differently to dipolar and phasonic drives:
most strikingly, phasonic modulation generates a broad
non-perturbative plateau of high-order “multi-photon”
transitions, in which multiple energy quanta (“photons”)
with energy corresponding to the driving frequency are
absorbed. To further elucidate the spectroscopic signa-
tures of quasicrystallinity we measure excitation spectra
while varying the strength of quasiperiodicity through a
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FIG. 1. Experimental schematic. (a)BEC (blue) in a bichro-
matic lattice (yellow). Photodiodes (PD), beam samplers
(BS), and dichroic mirrors (DC) are indicated, as is the con-
figuration for both dipolar and phasonic driving using a piezo-
driven mirror (solid block). (b) Sample band-mapped data.
Dotted lines indicate zone edges of the primary lattice.
localization transition, observing the emergence of mini-
bands, identifying spectral features arising from inter-
atomic interactions and localization-induced diabaticity,
and mapping a slice of the Hofstadter butterfly energy
spectrum.
The experiments (diagrammed in Fig. 1) use a 1D
bichromatic potential which superposes a primary and
secondary lattice formed by light with wavelengths λP =
1064 nm and λS = 915 nm. Neglecting interactions, the
Hamiltonian of atoms in this potential is
H = − ~
2
2m
d2
dx2
+
VP
2
cos(2kP (x− δP ))
+
VS
2
cos(2kS(x− δS)),
(1)
where kP (S) = 2pi/λP (S) and VP and δP (VS and δS)
are the amplitude and spatial phase of the primary (sec-
ondary) lattice. For VP  VS , in the tight-binding limit
with respect to the primary lattice, this Hamiltonian is
closely related to both the Aubry-Andre´ model [28] and
the Harper model [29]; for larger VS , deviations from
these models appear in the form of mobility edges [30–
33]. Lattice depths are measured in the respective recoil
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2FIG. 2. Comparison of dipolar and phasonic spectroscopy; areas where no data was taken are marked in gray. (a) Excitation
due to dipolar driving as a function of drive frequency fdip and primary lattice depth VP with αdip = 0.16 × VS/VP and
VS = 1ER,S . Green hatched (Blue horizontal) overlay shows calculated first (second) interband transition. (b) High-resolution
dipolar spectrum at VP = 20ER,P . Line shows the calculated center of the first interband transition. (c) Excitation due to
phasonic driving as a function of drive frequency fphason and primary lattice depth VP . αphason is set to ≈ 1. Green hatched
(Blue horizontal) overlays show calculated first (second) interband transition, with multiphoton subharmonics also indicated
for the first transition. (d) High-resolution phasonic spectrum at VP = 20ER,P . Lines show the calculated center of the first
twelve multiphoton transitions corresponding to the lowest interband transition. (e) Data from (c) plotted versus drive period
1/fphason, showing a broad low-frequency absorption feature. (f) Theoretical prediction for (e) (details in text).
energies, ER,i = ~2k2i /2m, i∈ {P, S}. The chosen value
of the ratio ν = λS/λP is effectively irrational in the sense
that it gives rise to a unit cell larger than our 30 µm sam-
ple size; in other words, the potential is quasiperiodic to
within experimental resolution.
A key feature of the experiment is the ability to mod-
ulate the different degrees of freedom of the bichromatic
lattice. Standard dipolar excitation, which drives the
lowest-energy phononic mode of the lattice, is achieved
by equal translation of both lattices:
δS(t) = δP (t) = Adip sin(2pifdipt), (2)
where Adip and fdip = ωdip/2pi are the amplitude and
frequency of the dipolar drive. In the lattice frame the
force applied to the atoms is F (t) = F0 sin(2pifdipt) for
F0 = m(2pifdip)
2Adip. Using the primary lattice con-
stant a = λP /2, we define a dimensionless driving pa-
rameter αdip = aF0/~ωdip = amωdipAdip/~ (which de-
termines the modification of tunnelling matrix elements
in the lowest band [34]). To keep αdip fixed for different
drive frequencies, we take Adip ∝ 1/fdip; this normal-
ization procedure for phase modulation has been used
previously to study multiphoton excitations in a single-
color lattice [35, 36]. Phasonic modulation is achieved by
translating only the secondary lattice:
δS(t) = Aphason sin(2pifphasont), δP (t) = 0, (3)
where Aphason and fphason are the amplitude and fre-
quency of the phasonic drive. As with the dipolar drive,
we define a dimensionless amplitude αphason, for which
Aphason = Cαphason/fphason, taking C = 1000 nm · kHz.
We report spectroscopic measurements of the qua-
sicrystal’s response to phasonic and dipolar excitation
with varying drive and lattice parameters. The experi-
ments begin by adiabatically loading a Bose condensate
of 84Sr into the bichromatic lattice. The amplitude of
dipolar or phasonic modulation is linearly ramped to the
final value over 4 ms, followed by constant-amplitude
modulation for 16 ms. After modulation, both lattices
are ramped down simultaneously at a rate which is adi-
abatic with respect to the energy gaps of the primary
lattice, to achieve approximate band mapping onto free-
space momentum states [37]. This enables measurement
of the primary spectroscopic observable: the fractional
population of atoms in the ground band of the primary
lattice after modulation.
3As a first application of phasonic spectroscopy, we mea-
sure and plot in Fig. 2 the difference between a qua-
sicrystal’s response to standard dipolar driving and its
response to phasonic driving. We fix the phasonic driv-
ing amplitude to αphason ≈ 1. To facilitate comparison,
the dipolar drive is scaled with respect to the phasonic
one by a factor proportional to the sublattice depth ratio:
αdip = 0.16×VS/VP . VS is held at 1ER,S for both drives.
Dipolar driving causes excitations to higher bands which
are consistent with expected interband transitions of the
primary lattice (Fig. 2(a) and 2(b)). The second inter-
band transition is visible but suppressed compared to the
first transition, since the odd-parity dipolar force does
not couple unperturbed Wannier states of the primary
lattice of equal parity on the same site. No multiphoton
transitions are apparent at this drive amplitude.
The response to phasonic driving is qualitatively differ-
ent, although due to the chosen α scaling the main inter-
band transition is driven at similar strength. Most strik-
ingly, we observe strong multiphoton processes up to the
twelfth order (Fig. 2(c) and 2(d)). Phasonic excitation
in this regime apparently gives rise to an efficient high-
harmonic response, in which atoms can absorb energy
at high multiples of the drive frequency. Additionally,
comparison of Fig. 2(a) and 2(c) indicates that phasonic
driving appears to relax the suppression of even inter-
band transitions, which we attribute to the fact that it
is not parity (anti)symmetric on site. Finally, we ob-
serve a broad low-frequency absorption feature at large
tunneling amplitudes in the phasonic spectrum. This
feature, most easily seen in Fig. 2(e), is likely due to
overlap of numerous high-order harmonics. The exper-
imental results in Fig. 2(e) are reproduced well by the
non-interacting exact time-evolution numerical simula-
tions shown in Fig. 2(f) [38]. The experimental observa-
tion of these unique features of phasonic spectroscopy of a
tunable quantum quasicrystal — efficient high-harmonic
response, relaxed selection rules, and broadband IR ab-
sorption — constitute the first main result of this report.
The proliferation of multiphoton resonances is con-
nected to the breakdown of the regime where the driving
amplitude can be treated perturbatively [39]. In the pha-
sonically excited quasicrystal, the threshold for entering
the non-perturbative regime can be estimated by expand-
ing the shaken secondary lattice potential as cos(2kS [x−
A sin(ωt)]) =
∑∞
n=−∞ Jn(2kSA)[cos(2kSx) cos(nωt) +
sin(2kSx) sin(nωt)], where the Bessel functions Jn con-
tain all powers (orders) of the scaled driving amplitude
2kSA = (4pikSC/ω)αphason. The individual terms can
directly induce n-photon transitions with ∆E = |n|~ω,
but (as a property of the Bessel function) contribute only
as long as |n| . 2kSA, corresponding to the estimated
threshold value αth = ∆E/4pi~kSC for the dimension-
less driving amplitude αphason. For transitions to the
first excited band, we obtain αth close to unity [38], in
reasonable agreement with both the numerical simula-
FIG. 3. Amplitude dependence of multiphoton resonances.
(a) Theoretical simulation of phasonic spectra for varying
drive amplitude αphason. (b) Experimentally measured pha-
sonic spectra for VP = 20ER,P and varying αphason. Both
experiment and theory show the onset of a non-perturbative
regime near αth = 0.9. (c) Line cuts of experimental phasonic
(solid) and dipolar (dashed) spectra at various α values. Note
the extreme power broadening in the dipolar spectrum.
tions shown in Fig 3(a) and the experimental data shown
in Fig. 3(b). Note in particular that at low frequen-
cies, in order to keep αphason constant and equivalent
to that used for the dipolar drive, the position-space am-
plitude of the phasonic drive used for the data shown in
Fig. 2 increases to significantly more than one lattice con-
stant. A noticeable difference between the dipolar and
the phasonic drive is the significantly flatter distribution
of transition strengths in the phasonic case. As an ex-
perimental indication of this effect, note the comparison
of dipolar and phasonic spectra in Fig. 3(c): while the
high-amplitude phasonic spectrum shows numerous nar-
row transition lines, a dipolar spectrum taken at an am-
plitude sufficient to weakly drive multiphoton transitions
already exhibits extreme power-broadening of the first
interband transition, in agreement with previous work
on periodic lattices [35, 36]. As an additional point
of interest, we note that connections between harmonic
generation and quasiperiodicity have been made in other
physical systems [40, 41].
4FIG. 4. Spectroscopy of an interacting quasicrystal. (a) Calculated energy spectrum vs. ν = λS/λP . Dashed line shows the slice
corresponding to the quasicrystal used in this experiment. (b) Post-expansion atomic density distribution at varying disorder
strengths VS , showing the effects of crossing the localization transition. (c) Experimentally measured dipolar excitation spectra
for varying VS/VP at αdip = 0.022, showing spectral minigaps. No data were taken for the gray areas in the upper-left and
lower-right. (d) Calculated density of final states for a non-interacting system, starting from a BEC. (e) Calculated density of
final states for an interacting BEC; a shift of the resonance line to lower frequencies from Fig. 4(d) is observed. (f) Calculated
non-interacting transition density assuming all single-particle orbitals below 1.5 ER,S are initially populated.
The spectroscopic probes of tunable cold-atom qua-
sicrystals which we demonstrate can be deployed to study
the rich variety of phenomena arising from quasiperiod-
icity and interactions. As a consequence of a mapping to
the Harper model [29], the non-interacting energy spec-
trum of a 1D quasicrystal constitutes a slice through the
multifractal spectrum of two-dimensional electron gases
in the integer quantum Hall regime known as the Hof-
stadter butterfly [42], plotted in Fig. 4(a). Mapping
this fascinating spectrum in an entirely different phys-
ical context than high-field 2D Fermi gases, and probing
the interplay of interactions and quasiperiodicity are two
natural applications for the spectroscopic techniques we
describe.
With these goals in mind, we measured the evolution of
the spectral response as the strength of quasiperiodicity
was increased from zero by tuning VS/VP . While the flat-
tened selection rules of phasonic driving are potentially
appealing for such a measurement, phasonic driving is
not available at VS/VP = 0 and in any case the strong
high-harmonic response complicates the interpretation of
phasonic spectra. Therefore for this measurement we
chose to use dipolar driving. Tuning of quasiperiod-
icity was achieved for a fixed VP by varying the rela-
tive strength of the weaker lattice VS/VP between zero
and one. We note that this range spans a localization
transition of the generalized Aubry-Andre´ type [17, 28]
which has strong effects on transport: Fig. 4(b) shows
atomic density distributions after 4 ms of expansion at
various values of VS/VP , clearly indicating the effects of
localization. Fig. 4(c) shows results of dipolar modula-
tion spectroscopy on a 10 ER,P primary lattice at fixed
αdip = 0.022 and variable VS , allowing direct measure-
ment of the spectral effects of bichromaticity. We observe
the formation of the “minigaps” which are hallmarks of
the Hofstadter spectrum.
Comparison of the experimental data (Fig. 4(c)) to
the theoretically computed density of states for the non-
interacting quasiperiodic lattice (Fig. 4(d)) reveals a
number of interesting features. For small VS , we can
clearly identify the three lowermost bands in Fig. 4(d).
While the ground band is not reflected in the experi-
mental data, since intraband excitations were not mea-
sured, the observed main resonance clearly corresponds
to excitations to the first excited band. However, the
blueshift (bending to the right) of this resonance with
increasing VS is clearly lower in the experimental data
than in the theory of Fig. 4(d). We attribute this effect
to interactions; taking them into account on a mean-field
level [38], we obtain a reduced blueshift in agreement
5with experiment (Fig. 4(e)). Excitations to the second
excited band are suppressed by weak coupling matrix el-
ements, since for VS = 0 the dipolar drive couples on-site
Wannier states of opposite parity. Nevertheless, the ex-
periment shows a few narrow resonance lines, induced by
switching on a finite VS ; we interpret these as a signature
of the emergence of minibands. The experimental plot
also features an additional resonance line, which merges
with the main resonance near VS/ER,S = 4. This feature
can be reproduced by a theory which includes the initial
presence of excitations as a result of localization-induced
non-adiabatic loading (Fig. 4(f)) [38]. This line is effec-
tively a copy of the resonance immediately to its right,
corresponding to transitions into these states from the
now populated upper edge of the ground band where the
density of states shows a pronounced peak (Fig. 4(d)).
The observation of the emergence of minigaps in a slice
of the Hofstadter butterfly spectrum and the identifica-
tion of spectral shifts due to interactions in a quasicrystal
together constitute the second main result of this report.
The techniques and results we present open up sev-
eral exciting directions for future work. Most broadly,
they enable exploration of numerous open questions con-
cerning quantum quasicrystals. Continuous tuning of the
period ratio of the bichromatic lattice would allow direct
mapping of the 2D Hofstadter butterfly spectrum. Spec-
troscopy across the Aubry-Andre´ transition may allow
study of the effects of localization on heating processes,
including in regions with band-dependent localization
and single-particle mobility edges [30–33]. Monotonic in-
crease of a phasonic degree of freedom should allow the
realization of various topological pumps: a recent pro-
posal suggests high-temperature topological quantized
phasonic Thouless pumping of bulk states [43], and the
Hofstadter spectrum supports edge states which can be
topologically pumped from one end of the system to the
other in a single phasonic cycle [22, 44].
In conclusion, we have demonstrated phasonic spec-
troscopy of a tunable quantum quasicrystal, showed the-
oretically and experimentally that phasonic excitation ef-
ficiently drives non-perturbative high-order multiphoton
processes and gives rise to a broad low-frequency absorp-
tion feature, mapped the spectral features of a transition
from a crystal with extended states to a quasicrystal with
localized states, measured the emergence of minigaps in
a slice of the Hofstadter spectrum, and identified spectral
shifts due to the presence of interactions in a quasicrystal.
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1Supplemental Material for ‘Phasonic Spectroscopy of a Quantum Gas in a
Quasicrystalline Lattice’
DESCRIPTION OF NUMERICAL CALCULATIONS
Phasonic time-evolution simulations
Here we describe the numerical calculations used to produce the theoretical predictions discussed in the main text of
the paper. The simulations shown in Figs. 2f, 3a are done in the formalism of exact time evolution without interactions
using N = 43 lattice sites with open boundary conditions, taking the 5 lowest Bloch bands into account. First, we
obtain the Wannier functions of the principal 1064 nm lattice, which are used as the basis. This in turn allows us
to calculate coupling matrix elements between different lattice sites and bands. Note that we do not restrict the
calculation of the matrix elements to the nearest neighbors, and we include couplings to further sites if relevant. In
the phasonic driving regime, the relative displacement of the two lattices is constantly changing during the period of
the drive and recalculation of matrix elements at every integration step becomes cumbersome. Therefore we discretize
the relative displacements using M = 100 points and store the matrix elements calculated for different displacements.
During the time evolution, we then interpolate linearly between these points to obtain matrix elements at each precise
instant of time. For the integrator, we set the relative and the absolute tolerance to 10−10, and after the full driving
time, which is set to equal the experimental driving time, we check that the norm of the wave function is maintained
up to 10−6. Due to the immense volume of computations needed for a full simulation of an ensemble of initial states,
we take a pure state constructed in such a way that the probability of a specific eigenstate is in accordance with a
thermal ensemble at T = 30 nK. This is done by introducing random phase differences between neighboring sites, the
distribution of which is determined by the temperature. However, almost identical results to those depicted in Fig. 2f
can be obtained using the ground state as the initial state, which indicates that finite temperature has minimal effect
on the dynamics in these simulations. After the modulation, we project the state to the undriven lattice bands and
plot the minimum ground band occupation.
Theoretical densities of states for comparison with experimental spectra
Data generation for Fig. 4(d) and 4(e). In Fig. 4, panels (d) and (e) contrast the theoretically computed den-
sities of states of, respectively, noninteracting and interacting BEC. In both cases, having obtained energy eigenvalues
Ei, we calculate and plot the corresponding transition frequencies fi = (Ei − E0)/h between the i-th excited state
and the ground-state energy E0. For the interacting case in Fig. 4(e), we describe the condensate by the variational
wave-function ψ(x) g⊥(r⊥;x), where ψ describes the longitudinal direction x and g⊥ is a Gaussian wave-function in
radial transverse direction r⊥ with an x-dependent width. The obtained spectral minigaps are, in general, quite con-
sistent with their experimental counterparts. In particular, the VS-dependent blueshift is reduced when interactions
are taken into account. However, a conspicuous excitation that merges into the main resonance line from above is not
reproduced.
Data generation for Fig. 4(f). To account for the indicated discrepancy, we performed additional modeling
using the obtained data. In particular, we calculated and plotted frequencies fij = (Ei − Ej)/h corresponding to
transitions between all pairs of eigenstates i and j, with the restriction (Ej − E0) 6 1.5ER,S . In other words, we
assumed non-adiabatic loading into the localized regime and allowed the transitions to originate not only from the
very bottom of the lowest energy band but also from low-lying excited states in the specified energy window. This
scenario enabled us to qualitatively reproduce the hitherto missing characteristic excitation seen in the experiment.
Further details of time-independent GP calculations for the dipolar drive. Let us detail the theoretical
approach used to assess the role of particle interactions, keeping in mind that the scattering length for 84Sr atoms
is a˜ = 124 aB , and there are around 80, 000 particles in the experiment. For the sake of feasibility, we stay within
the mean-field approximation and solve the Gross-Pitaevskii-type equation to calculate the effective potential seen by
the atoms. We take advantage of the cylindrical symmetry of our potential and describe the radial distribution by a
Gaussian profile, whose width is a function of the longitudinal coordinate x. This dependence on the coordinate allows
us to take into account the non-translationally invariant character of the quasiperiodic lattice. Hence the ansatz for
the normalized wave function reads
Ψ(r) = Nψ(x)g⊥(r⊥;x), (S1)
2with the longitudinal wave function ψ(x) and transverse wave function
g⊥(r⊥;x) =
1√
pib2(x)
e−r
2
⊥/2b
2(x). (S2)
From variation under the constraint
∫
dx|ψ(x)|2 = 1, we obtain Gross-Pitaevskii-type coupled equations for the
complex parameter ψ(x) and the real parameter b(x)
µψ(x) =
[
− ~
2
2m
d2
dx2
+ V1(x) +
U0N 2
2pib2(x)|ψ(x)|2 +
1
4
b2(x)mω2r +
3
4
~2
mb2(x)
]
ψ(x), (S3a)
b4(x) =
1
mω2r
[
~2
m
+
1
pi
U0N 2|ψ(x)|2
]
. (S3b)
Here, V1(x) is the bare lattice potential, U0 = 4pi~2a˜/m, and ωr is the radial trapping frequency. We discretize the
x-axis into 2000 points and iterate these equations to obtain the self-consistent solution for ψ(x) and b(x).
ANALYTIC EXPLANATION FOR HIGH-ORDER PHASONIC MULTIPHOTON RESONANCES
Here we provide a qualitative explanation for the appearance of multiphoton resonances of relatively high order in
the phasonic driving case. We begin by writing down a basic Hamiltonian that captures the essential features of the
experiment and describes the motion of a single particle in the potential produced by superimposing (i) a stationary
primary lattice of amplitude VP and (ii) a moving secondary lattice of amplitude VS , whose position is time-dependent
in a harmonic fashion with a certain amplitude A. The Hamiltonian is
H = − ~
2
2m
d2
dx2
+
VP
2
cos(2kPx) +
VS
2
cos {2kS [x−A sin(ωt)]} . (S4)
We observe that the last time-dependent term is readily analyzed using the Jacobi-Anger expansion with the result
cos {2kS [x−A sin(ωt)]} = cos(2kSx)J0(2kSA)
+ 2 cos(2kSx)
∞∑
n=1
J2n(2kSA) cos(2nωt)
+ 2 sin(2kSx)
∞∑
n=1
J2n−1(2kSA) sin[(2n− 1)ωt].
(S5)
This demonstrates that the driven Hamiltonian acquires terms featuring higher temporal harmonics, i.e. terms oscil-
lating as sin[(2n−1)ωt] or cos(2nωt). We note, that the relevance of these higher harmonics is governed by prefactors
proportional to the Bessel functions of order equal to the order of the harmonic in question and argument 2kSA.
Since the Bessel functions quickly decay as the argument decreases significantly below the order, it is clear that the
higher harmonics can only contribute as long as 2kSA & n or equivalently
2kSA
n
& 1. (S6)
Under the experimental conditions, kS = 6.867× 106 m−1, the driving amplitude was scaled according to
A =
C αphason
fphason
, (S7)
with C = 1000 nm · kHz, and the order of the multiphoton resonance is given by
n =
f0
f
, (S8)
with f denoting the drive frequency and f0 ≈ 15 kHz being the fundamental resonance frequency. Plugging Eqs. (S7)–
(S8) into Eq. (S6), we see that the left-hand side of the condition is independent of frequency and evaluates to
0.92αphason, thus allowing the resonances to be observed in a broad range of frequencies as soon as the factor αphason
exceeds a threshold value close to unity.
